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Abstract 

When a charged insulating spherical shell is uniformly accelerated, an 
oppositely directed electric field is produced inside. Outside the field is 
the Born field of a uniformly accelerated charge, modified by a dipole. 
Radiation is produced. 

When the acceleration is annulled by the nearly uniform gravity field 
of an external shell with a 1 + /3 cos 9 surface distribution of mass, the 
differently viewed Born field is static and joins a static field outside the 
external shell; no radiation is produced. 

We discuss gravitational analogues of these phenomena. When a mas- 
sive spherical shell is accelerated, an untouched test mass inside experi- 
ences a uniform gravity field and accelerates parallelly to the surrounding 
shell. 

In the strong gravity regime we illustrate these effects using exact 
conformastatic solutions of the Einstein-Maxwell equations with charged 
dust. We consider a massive charged shell on which the forces due to 
nearly uniform electrical and gravitational fields balance. Both fields are 
reduced inside by the ratio of the goo inside the shell to that away from 
it. The acceleration of a free test particle, relative to a static observer, is 
reduced correspondingly. We give physical explanations of these effects. 

1 Introduction 

When a massive spherical shell is accelerated a free body inside it experiences 
a parallel gravity field, i.e., the inertial axes inside accelerate. When the mas- 
sive shell rotates the inertial axes inside also rotate. Weak versions of these 
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inertia induction effects were discovered by Einstein (1912) in Praguc|Q in the 
early variable- velocity-of- light version of his gravitational theories. He described 
them clearly in his 1913 letter to Machj2|. In weak-field General Relativity he 
derives them in his book|| but the non-Newtonian phenomena involved stretch 
the linearised theory to a doubtful level of approximation. Indeed the mass 
induction effect also discussed by Einstein was demonstrated to be a coordinate 
dependent effect by Brans (1962) §. 

Whereas a series of papers has been directed at the rotation of inertial frames 
within spheres, etc., Thirring (1918, 1921) g, Lense & Thirring (1918) §, Brill 
& Cohen (1966)|7l Lindblom & Brill (1974) §, Embacher (1988) p, Pfister 
& Braun (1985)|Uj, Klein (1993) 0, Lynden-Bell et al. (1995)0, Katz et 
at (1998) |n|, less attention has been given to linear acceleration of the inertial 
frames within strongly relativistic spherical shells. This is perhaps because of the 
difficulty of producing strong accelerations in General Relativity without severe 
distortion of the problem to be solved^]. Near accelerating point masses the 
effects are complicated by the infall of the inertial frames and the gravomagnetic 
fields due to motion, but a few have been undeterred by these complications, 
e.g., Farhoosh & Zimmerman (1980)jL5|. 

In continuation of our studies of Mach's Principle & Machian effects within 
General Relativity|L2[ ^ 0, ^ [|, we demonstrate here the strong accelera- 
tion of the inertial frame within a massive charged spherical shell of mass m and 
radius b, which is itself accelerated by a strong electric field. To do this we bring 
the system to rest by applying the equivalence principle and putting the system 
in an external gravity field g. Such a field can be provided by a distant massive 
body M which can also be so charged that it supplies the electric field (Figure 
1). To ensure that the principle of equivalence applies, the external tidal field of 
such a body across our spherical shell must be negligible. This can be achieved 
at constant internal potential by shrinking both the shell and its mass m in pro- 
portion. We are interested in effects of order gGm / (be 2 ) in acceleration. We fix 
g and m/b. The tidal accelerations are of order (GM/R 3 )b = g 3 / 2 b(GMy 1/2 
which can be made as small as we like by decreasing b (and m) at constant ratio 
keeping g and M fixed. 

The ratio of the accelerations we are interested in to those we wish to neglect 
is then (Gm/bc 2 )(R/b) which we make as large as we like by taking b <C R with 
m/b fixed. Notice we can do this with g — GM/R 2 held fixed at any value 
we like so we may study large accelerations and strong gravity (Gm/bc 2 ~ 1). 
We thus reduce the problem to statics and use the beautiful conformastatic 
solutions of Einstein's equations for charged dust with balancing gravitational 
and electrostatic forces (see Appendix C). We show that the gravity field inside 
the massive charged spherical shell that sits balanced in such applied fields is 
smaller than the applied gravity field by the ratios of the goo which are them- 

1 Recently the diploma thesis of S.T. Henggc]l4[ supervised by H. Pfister considered the 
initial weak dragging within a highly charged massive spherical shell placed between much 
smaller oppositely charged clouds. 
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selves proportional to [1 + X) Gm/(rc 2 )}~ 2 . The problem may seem somewhat 
contrived in that it is not met in nature. We argue that it provides an ideal 
test-bed for study of strong linear dragging by large accelerations with strong 
relativistic effects and it is most unlikely that a simpler thought experiment can 
be devised. 

However before entering the complications of general relativity it is wise to 
study the analogous problems in the electrodynamics of flat-space. For them 
we can determine truly time-dependent phenomena with the sphere initially at 
rest and only later given a uniform acceleration a. For the transient behaviour 
see Appendix B. We encounter the oft discussed question whether a uniformly 
accelerated charge radiates and whether the equivalence principle applies to a 
radiating charge. This was well discussed by Fulton and Rohrlich (1960) |L9] b ut 
even their excellent paper did not settle the question for some (Rosen 1962 12(| ). 
We have found it particularly interesting to draw the electric field lines of the 
Born (1909) solution |2l| for a uniformly accelerated charge (see also Schottp2[) 
in several Lorentz frames including those in which the charged particle is mo- 
mentarily at rest; see Figures 2a, b, c, d, e. The field lines are circles that 
intersect at the particle (Bondi & Gold 1955 (2i|). We join them far away to 
the initial Coulomb field of the fast moving particle before the steady deceler- 
ation brought it to near rest. In that field there is also a magnetic field with 
circular magnetic field lines around the direction the particle was moving. Such 
figures help us to envision how the Born solution describes the radiating field of 
an accelerated particle in the one case but can also describe the non-radiative 
static field of a particle held stationary in a uniform gravity field! As Boulware 
(1980) |24|] showed, the principle of equivalence still holds in the region accessible 
to both the static and the coaccelerated observer, but does not hold beyond the 
event horizon of the coaccelerated observer who can see neither the radiation of 
the charge that is accelerated with him nor its effects. 



2 The field of an accelerated charged spherical 
shell 

For comparison to our sympathetic dragging calculations in gravity, we need 
the electromagnetic field inside a uniformly charged accelerated shell. Whereas 
the Born field of a point charge is well discussed, we give here the corresponding 
field inside and outside an accelerated charged shell. Inside the field rapidly 
(26/c) settles down to a uniform one but outside the propagation takes longer. 
Initially we calculate the field for short times only but the near field outside soon 
becomes that of a charge with a forward pointing electric dipole and no higher 
multipolcs. These fit respectively the exact Born field and the exact field of 
uniformly accelerated dipole, both of which are known|^5). Thus our short-time 
calculation of the dipole moment tells us the coefficient of the dipole solution 
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which should be added to the Born field to give the complete solution for the 
uniformly accelerated shell at all times. 

We shall consider times close to the moment when the shell is stationary in 
our frame. Both charges and currents lie close to the shell r — b. The surface 
charge density is Q/(A-Kb 2 ) so we have a charge density 

l-D-p\S(r-b), (2.1) 



r 4tt6 2 V dz, 

where D(t) is the small displacement of the sphere at time t. Likewise the 
current on the sphere is 

: Q * -D (l -D-f) S(r- b). (2.2) 



4nb 2 c \ dz 

Hats denote unit vectors. 

To find the potentials we wish to solve 

□ 2 $ = _4 np i (2.3) 

□ 2 A = -47TJ . (2.4) 
We first solve for the Green's function \ such that 

□ 2 X = S(t - t')S(r - b) . (2.5) 



Then 



and 



Now 



(2.6) 



g [D(t')(l-D(t')l) X dt'. (2.7, 



'■c J \ dz 



V dr 2 c 2 dt 2 



(r X ) = S(t - t')5(r - b) . (2.8) 



The Green's function \ which solves (2.5) and has only a retarded solution 
in r > b is readily shown to be 

be (e(t-t'-r±k)-Q( t -t' + ^k) , r <b 

2r | 6 (i - t' - -G(t-t'- ^) , r > b 1 ' ' 

where G is 1 for a positive argument and zero otherwise. A detailed derivation 
of (2.9) is given in Katz et al. (1998)0. 

Returning to (2.6) and using -§^}{r) = f Jf/ we nn d 



® = Qb- 



Xdl'--^- I DU')\U')<ll' 
r or 



(2.10) 
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For a uniformly accelerated sphere, D(t') — ^at' 2 , and the integrals are readily 
evaluated to give 

{Qb^ 1 (l — \ac~ 2 z) inside, i.e., |r — \at 2 i\ <b 
Qr-ill + iac-^^c^ + ife 2 )^ 2 -!]}, r>b (2J1) 

Returning to (2.7) we see that the DD term is quadratic in the acceleration 
a so the first term will suffice when ctbcT 2 <C f . For an acceleration of fg this 
means b much smaller than a light year ~ f 18 cm! Evaluating A for a general 
D we find 

f D (t - - D (t + r<6, 
A = -hQxb- 1 r- 1 i ) c ' ) \{ 2.12 

or for L> = \cd 2 

A = Qac- 2 Z \ b -y- b \ ^ b h . (2.13) 

The fields are readily derived from E = — c _1 A — V4>. Inside the uniformly 
accelerated sphere we have, writing a = c 2 /a, 

E in = -^Qiab)- 1 ^ r < b , (2.14) 

and outside 

E out - Qr- 2 {1 - \{z/a) [l - r - 2 (3c 2 t 2 + b 2 )} } f- 
-^Qiar)- 1 [1 + lr- 2 (3c 2 t 2 + b 2 )]z , V^b > r > b . (2.15) 

We have performed our calculation under the assumption that the movement 
of the sphere during the time considered is much less than the radius of the 
sphere. Thus the result is only valid provided the times involved obey 

\at 2 < b . 

During this time the signal will propagate to r — ct so the solution is only valid 
where r 2 <§C 2bc 2 a~ 1 = 2ab. To get the field at greater distances we may refer 
to Born's solution for the field of a point charge which is uniformly accelerated 
in its own frame so its position is given by 



z = yja 2 + c 2 t 2 -a = z-a . (2.16) 

This is given in Appendix A. 

We initially expected the external field of our accelerated sphere on which 
the charge density was frozen, to match exactly the "small acceleration" (large 
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a) limit of the Born solution. However the presence of b 2 terms in (2.15) shows 
that this cannot be the case since in Born's solution there is no b. Indeed those 
terms show that our accelerated sphere has a dipolc of moment P = \Q{b 2 /a)z. 
Bicak and Muschall (1991) pgfl showed how to get the exact solutions for uni- 
formly accelerated multipoles by differentiating Born's solution with respect to 
a. Putting their dipole equal to the above P and adding the result to Born's so- 
lution gives the exact external solution for our uniformly accelerated sphere, see 
(2.17), etc. below. Of course if we set b = t = our external fields fit the Born 
solution including terms of order 1/a but not when r > a. The physical origin 
of our forward pointing dipolc is interesting. Our E field arises as it should from 
a spherically symmetrical distribution of surface charge. In the Born solution 
the field-lines droop under their acceleration- induced weight (see Fig. 2b). By 
demanding that our sphere be of uniform surface density we have demanded no 
droop out to r = b. The droop of the Born field lines is therefore offset by the 
forward pointing dipolar field we have found. 

If we cut Born's solution at r — b we may replace the inside with a charged 
shell but, its internal E field is not our — |Q(a6) _1 z but another uniform field 
whose coefficient is — \ in place of — |. The reason for this difference is that the 
surface charge density on a sphere that gives the Born field outside is not uniform 
but rather a = -prr{\ — — cos 8). It is the internal field of this non-uniform 
charge density with excess charge at the bottom that reduces the internal field 
strength from | to \. Thus our 'exact' solution for a uniformly charged uni- 
formly accelerated sphere is not Born's field outside, but is given by 

A = i[l + &(&) T ]AB(R,z,W)f ' 

where, to allow steady uniform acceleration, we have to take b <C a — c 2 /a, and 
<fr B and A B are given in Appendix A. 

Inside the sphere, which becomes Lorentz contracted into an oblate spheroid 
away from t = 0, the electric field is always given by (2.14) with no magnetic 
field there. These properties follow from Lorentz transformation of our t = 
field. We discuss the transients when the shell starts from rest in Appendix B. 

Born's field is static in uniformly accelerated axes. 

3 Gravity in Accelerated Shells 

In weak field theory, Einstein considered a spherical shell of mass m and radius b 
that was weakly accelerated by some unspecified forces and looked at the metric 
inside the shell. We wish to accelerate a massive shell quite rapidly and we 
need to specify some way of doing it because the stresses involved will produce 
their own gravity. We therefore consider a uniformly charged insulating massive 
spherical shell in an electric field so that every element will accelerate uniformly 
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without any acceleration-induced stresses. Einstein using his 1912 theory|| 
found a uniform gravity field of strength 4§F a within his accelerating shell, 
where / was 3/2 using coordinate time. However in his 1955 book|| he gives 
the weak field relativistic formulae in the de Donder gauge. Evaluating these, 
including retardation in the potential, gives an A term -Ax the analogous 
electrical one and a V<!> term equal and opposite to the electrical one. So we 
get from Einstein's weak field formulae / = 11/3. So we should expect a free test 
body inside our shell to accelerate in sympathy but less rapidly than the shell 
itself. However time-dependent problems in general relativity are difficult, so 
rather than solving a difficult problem we shall use the principle of equivalence 
to reduce it to an easy one. The acceleration of the whole shell is equivalent to a 
uniform gravity field imposed from outside. If E is the accelerating electric field 
and q and m are the charge and mass of the shell, then the upward acceleration is 
a = qEi/m as shown in Bifiak 1980[|26|]. The extra 'fictitious' downward gravity 
field that appears to a coaccelerated observer is g = —a, and the principle 
of equivalence is that the metric felt by such an observer will be the same as 
that static metric felt when the extra gravity field, g, is really present. To 
generate such a real gravity field we place a very large mass M at a large 
distance Z down the z axis such that the gravity field due to it is just g that 
is g ~ GM I Z 2 . We may also use this mass to generate the electric field E 
by giving it a charge Q = EZ 2 . Then the gravitational attraction of m by M 
exactly cancels their electrical repulsion so the whole system is static and at 
least classically qQ = GmM. Because it makes even the general relativity easy 
we shall take both the sphere and the large M to have equal charge to mass 
ratio so q/m = Q/M = \[G. That is each has the charge/mass ratio of the 
extreme Reisner-Nordstrom black hole. To attain bodies with Q = \[GM we 
put together N(l — /) hydrogen atoms and Nf protons to give Q = fNe and 
M ~ Nm H . Then QG~ X I 2 M- X = eG^^rn^ f = f/9 x 1CT 19 , so we must 
choose f — 9 x 1CP 19 to get balanced electrical and gravitational forces. This 
gives about 10 18 neutral hydrogens per proton, implying a charge of 1 Coulomb 
on 1.18 x 10 13 gm or about 1.7 x 10 20 Coulombs on a solar mass which would 
give it a potential of 2.5 x 10 19 volts, far more than realistic values. 

With such Q/M values we see that each element of the original spherical 
shell and the large mass M is in balance with the electric and gravitational 
forces neutralising one another. But that is just the condition required for the 
metric to be one of what Synge[^7j calls conformastatic spaces, whose metrics 
take the delightfully simple form 

ds 2 = V- 2 dt 2 - V 2 (dx 2 + dy 2 + dz 2 ) , (3.1) 

where V = V(x,y,z). 

Take any function V that — ► 1 at infinity and satisfies V~ 3 \7 2 V < 0. Then 
defining a proper energy density p by 

V- 3 V 2 V = -±k P , (3.2) 
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where n = 87rG/c 4 and 



y2 _ j¥_ (P_ (P_ 

dx 2 dy 2 dz 2 ' 

we find that the metric solves the Einstein-Maxwell equations with electric field 
E = (G) 1 / 2 W^ 1 . Here V = J-jJ . Since these solutions are more com- 

monly described for arbitrary point masses with the appropriate charges we give 
a brief outline of them in Appendix C. Now V 2 is an operator in [x, y, z) space 
while p is a proper energy density of charged dust. To find the corresponding 
coordinate density of dust we set 

pd(Volume) = pV 3 dxdydz — p c dxdydz , 

so p c (x,y, z) = pV 3 , hence 

V 2 V = -\k Pc . (3.3) 

For our problem we need the conformastatic metric of a spherical shell with 
a distant charged mass, see Fig. 1. Taking relativistic units G = c = 1, 

( M + m + 1 r> } ) ) 

+ T + i rh\- 

where R and r are the x, y, z coordinate distances from M and m. Far away 
from both shells, 500 = V~ 2 = 1-2M/R- 2m/r. 

Any test mass with charge to mass ratio VG will be in static equilibrium with 
balancing gravitational and electric forces if placed at any point in such a metric. 
However we shall be concerned with the motion of an uncharged test mass. 
Placed well away from the spherical shell m and at the same distance Z from 
M, Figure 1, a test mass will accelerate^] towards M with initial acceleration 
|g| = but will the acceleration of a test mass placed inside the spherical shell 
be greater or less than |g|? 

Relative to freely falling axes the shell is accelerated upwards by the elec- 
tric field so we expect a test mass inside to have an acceleration in sympa- 
thy. Thus relative to static axes we expect the acceleration of the test mass 
within the sphere to be smaller than |g|. However in strong field general rel- 
ativity there are other effects that work in the same direction. What should 
we compare, coordinate accelerations, g c = \d 2 r/dt 2 \, proper accelerations, 
g p = \d/dr (Vdr/dr)], or proper length accelerations using universal coordi- 
nate t-time, g u = \d/dt (Vdr/dt)\? Here r stands for (x,y,z). One could argue 
that because time runs slowly at greater gravitational potentials we expect a 

2 Of course, an uncharged test mass follows the geodesies and the invariant acceleration 
vanishes. Here we mean acceleration relative to the static frame invariantly defined by the 
Killing field. 
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slower apparent acceleration in f-time irrespective of any sympathetic accelera- 
tion effect. The equations of geodesic motion in proper time r are 



d/dr{V 2 dr/dT) = (2V 2 e 2 - l)VlnV (3.5) 

and the conserved specific energy is e = V t, where a dot means d/dr. Since 
dr is ds along the particle's motion, 

V- 2 i 2 - V 2 r 2 = 1 . (3.6) 

From the above we find expressions for g c , g p and g u . For a body released 
from rest (e = V^ 1 ) the initial accelerations are 

g c = V- 5 VV , (3.7) 

g p = V- 2 VV , (3.8) 

Su = V- 4 VV . (3.9) 

Each of these measures of acceleration is affected by the value of V as well as its 
gradient. So, if the potential, m/b, due to the shell is large, the acceleration of 
the body inside the shell will be much reduced compared with that of another 
body far from m but at the same distance from M. Whereas in (3.7) and 
(3.9) much of this difference can be attributed to slowed time that does not 
account for the result (3.8) where such effects are eliminated by using time as 
measured on the particle. In these conformastatic models there is an invariant 
definition of the gravity field. All are agreed that the systems are in balance 
and that any test particle of charge to mass ratio \ G can be placed anywhere 
in such a metric and will be in equilibrium. Thus the electric field in the 
static frame (which is invariantly defined) must be equal and opposite to the 
gravitational field g. Since the electric field is V(V _1 ), the gravitational field 
is — V(y _1 ) = V~ 2 WV . So this invariant definition of the gravity field leads 
us back to g p . Comparing those accelerations inside the shell to those far from 
it we have 

( i + ^ V 

(SpWGfc)out = E in /E out = (V in /V out )- 2 = M ^ , (3.10) 

\ 1 + Z + b ) 

so if m/b is larger than 1 + M/Z the reduction can be very large. It is important 
to notice here that b can be as small as we like; 6 = corresponds to an extreme 
Reinsner Nordstrom black hole. Indeed as shown by Hartle & Hawking 1972|p8f 
our coordinate radius r is related to Schwarzschild's coordinate r s by r = r s —m. 

We have argued above that this reduction of the test mass's acceleration is 
due to its sympathetic dragging produced by the acceleration of the surround- 
ing shell (relative to freely falling axes). However, let us now take the view 
of the static observer at infinity; the shell is not accelerating at all. It then 
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appears strange that this zero acceleration can have any effect. Indeed Ein- 
stein attributed such effects that did not involve his 'vector potential' A not 
to any sympathetic dragging but to mass induction - an increase of inertia due 
to the presence of the surrounding sphere. The calculation above shows that 
the reduced gravity field, as seen in the static frame, is parallelled by the re- 
duction of the electric field. We do not attribute the latter to any change of 
charge, so the former should not be attributed to Einstein's mass induction but 
is better viewed as a "diagravitational" effect of the potential, similar to a di- 
electric effect, but reducing both the electric and the gravitational fields inside 
the medium. Evidently the sympathetic dragging interpretation in the freely 
falling frame is equivalent to this diagravitational effect in the static frame. 



4 Static Charge in a Conformastatic (1 + j3 cos 9) 
Weighted Shell 

The method of the last section can be used to give a finite region of almost 
uniform gravity field within a single spherical shell of total mass M with all 
charges equal to vG times all masses. Take 

f 1 + M. - Ab 3 r' 2 cos 6 r > b) 
V = < r ~ > 4 1) 

\ 1 + f - Arcos9 r <bj ' V ' ; 

where A is a constant. Inside, VV is constant but the gravity field g varies at 
order A 2 as it is V~ 2 W. The coordinate surface density of mass on the shell, 
<7 C , is given by integrating (3.3) across the shell 

4tto- c = 4itV- 2 o = Mb- 2 - 3A cos 9 , (4.2) 

where we have written a for the proper surface density per unit proper area; 
the metric is 

ds 2 = V- 2 dt 2 - V 2 [dr 2 + r 2 (dr) 2 ] = V- 2 dt 2 - V 2 (dx 2 + dy 2 + dz 2 ) . (4.3) 

For r < b the transformation t — Kt, K^ 1 = 1 + M/b, x = Kx(l + Az), 
y = Ky(l + Az), z = K [z + \~A {z 2 -x 2 -y 2 )] ,A = K 2 A yields for small A 
(A 2 b 2 neglected) 

ds 2 = (l + Az) 2 dt - (dx 2 +dy 2 +dz 2 ) , (4.4) 

which is flat space in accelerated axes (cf ) and A is identified with our former 
a -1 . The physical electric field in our conformastatic metric is E = VI^ _1 
everywhere and this V is the coordinate V. Writing it in terms of the physi- 
cists gradient per unit distance V p = y _1 V so E = —'VplnV and lnT^ is the 
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physicists potential (in volts say). Now this is invariant for purely spatial coordi- 
nate changes like that above. Hence the potential due to adding a small charge 
q at the origin (with the mass appropriate for the conformastat) is q/(rV). 
Rewriting r and V, r = Kr (l + \A~Z) and V = K^ 1 (l — Az) we have the 
potential to order A = 1/a, 

-SH:)- 

which agrees with Born's field in accelerated axes to this order. 
The field E is still given in conformastatic coordinates by 

E = V (s^J = -V (gr _1 V- 2 ) . (4.6) 

Outside the field is still static and given by (4.6) but of course the external form 
of V must be used there. 



5 Radiation and the Equivalence Principle 

In the last section we had a static charge in the gravitational field of a shell. 
It produces the Born field locally but no radiation. In Section 2 we had an 
accelerated charged sphere in flat space which produced a 'Born' field with 
radiation at large distances. 

Here we analyse the electromagnetic field of a particle which after moving 
uniformly at high speed has decelerated to rest and will continue its constant 
acceleration until it disappears whence it came. We draw the field lines and show 
that it radiates in a region inaccessible to the coaccelerating observer which does 
not exist for the static charge in the shell. Then we consider the corresponding 
problem for accelerated masses producing gravitational radiation. 

Figure 2a is a space-time diagram with time plotted to the left and z upwards. 
The reason for z up will soon appear, t is plotted leftwards so that creatures 
of habit can recover their familiar space-time diagram by rotating the page 
by 90°. The charged particle is confined to the line x = y = and at P it is 
moving downwards at a little less than the light velocity. However it is uniformly 
accelerated upwards, for t > t , so that the acceleration felt in the momentary 
rest frames is constant thereafter. This acceleration slows it to momentary rest 
at O before it continues to accelerate upwards to O' and beyond. The space-time 
diagram is drawn using coordinates and time appropriate for its rest moment 
at O. Prior to arrival at P the particle was moving downwards at constant 
velocity so the acceleration only started at P. It is clear from Fig. 2a that a 
coaccelerated observer who moves with the particle can never see anything in 
the lower left of the diagram below the shaded line, z = z + a = t. Light from 
such points can never reach any point of the hyperbola POO'. Thus the region 
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~z < t is beyond his horizon which is at z = t. Likewise nothing done by such 
an observer can influence the region below z — — t unless it was already done 
before the particle started to accelerate (and before the particle crossed out of 
that region at S). 

Figure 2b shows a perpendicular slice of Minkowski space containing the 
x, z plane through O. The lines of force of the Born electric field are a set 
of circles through O whose centres lie on z = —a, (i.e., z = 0). P' is the 
same point of space as P but at the later time (as reckoned in this Minkowski 
frame) . Beyond the circle of radius to around P' there has not been time for the 
field to feel the acceleration that started at to so the field is the old field that 
there would have been had the particle continued its prior uniform motion to 
Q. Now the field of a fast moving particle is a radial electric field flattened by 
Lorentz contraction along its direction of motion (See Fig. 2d) and accompanied 
by circles of magnetic field around the direction of motion; so this is the field 
centred on Q beyond to from P' . The field lines of the Born field in Figure 
2b droop because in the accelerated frame that travels with the particle there 
is an apparent gravity field downwards and gravity acts on the field's energy 
and stresses. There is no magnetic field in the Born region of this diagram 
because we have taken the time symmetric moment, t = 0, when the particle 
is momentarily at rest. Then the Born fields in both the Minkowski and the 
accelerated frames coincide. There is no transient between the Born field and 
the fast particle's field, merely the circular front (see Appendix B). It is of 
interest to see how the field in Figure 2b evolves at later times. We draw it 
in two instructively different ways when the particle has moved on to O'. It 
seems natural to take moving axes and draw the field in the frame in which the 
particle at O' is at rest. We then get Figure 2c in which the Born part of the 
field extends farther, the front is now closer to X and the original fast particle's 
field beyond it is more Lorentz contracted since in these axes the particle at P 
was moving faster. It is instructive to see what cut in space-time corresponds 
to this diagram. It is O'X in Figure 2a. Thus the set of such pictures in which 
the Born field is static are a set of cuts through X. These diagrams only cover 
the upper and lower of the four sectors through X, the others are unrepresented 
so far. 

On the cut PX the Born region has shrunk to zero and P is reduced to rest so 
the field is just that of a static charge. We have not drawn that figure. However 
we have drawn in Figure 2d the field lines of the rapidly moving unaccelerated 
charge corresponding to the slice YP through Figure 2a at time to- This shows 
the Lorentz contracted Coulomb field and the associated magnetic field in circles 
about the motion. The corresponding slice at time t — is of course Figure 
2b. In Figure 2e we draw the vertical slice through O' . We now reach into the 
radiation zone invisible to coaccelerating observers and indeed Q has now moved 
into that zone at Q" . The electric field lines are again circles through O' centred 
on z = but now they are accompanied by magnetic fields in circles and start to 
converge again before joining the old field of the fast moving particle outside the 
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circular front. Some may feel surprised that the fields change discontinuously 
on this front although the potentials are of course continuous. One might have 
expected that discontinuous changes in field would always be accompanied by 
surface densities of charge or current but in fact such changes can happen on null 
surfaces as is the case here. An even more extreme configuration is illustrated 
in Gull et al. [^9| among their pictures of various electromagnetic fields. To see 
the radiation in the Born field one sets t = u + r which brings one clearly into 
the "radiative zone" of Figure 2a and takes the asymptotic form at large r with 
u fixed. This gives 



f x (r x z) 

E = oa 2 7T — 7-, (5.1) 

r(u 2 + a 2 sin 2 0)3/2 ' 



B = qa 2 -. (5.2) 

r{u 2 + a 2 sin 2 6>) 3 / 2 

Thus E and B are perpendicular and perpendicular to f, and fall only as r _1 
which demonstrates the radiative field in this region. 

The only explicit solutions of Einstein's equations available today that rep- 
resent radiative gravitational fields of finite sources have much in common 
with the Born solution in electrodynamics. These "boost-rotation symmet- 
ric" space-times have two symmetries exhibited by the axial Killing vector, 
and the boost Killing vector which, in appropriate coordinates, has the flat- 
space form, £ Q = (z,0,0,t). The Born solution has the same symmetries. The 
boost-rotation symmetric space-times represent the fields of "uniformly accel- 
erated particles" which may be black holes as is the case for the C-metric. The 
"sources" of the accelerations are strings along the z-axis. Analogously to the 
Born solution, gravitational waves are found in the region \t\ > \z\ where the 
boost Killing vector is space-like. In the region \z\ > \t\, the metrics can be 
transformed into static forms - the sources are at rest in uniformly acceler- 
ated reference frames, again in full analogy with the Born case. The radiative 
character of the solutions is best seen on asymptotic forms of the Riemann ten- 
sor at null infinity. The Riemann tensor falls-off as r _1 , in the analogy with 
the "radiative fall-off" of electric and magnetic fields at r — ► oo with u fixed, 
given in (5.1), (5.2). In addition, the analogous features of fields due to some 
specific exact boost-rotation symmetric space-times and uniformly accelerated 
charges appear even in the radiation patterns and total rates of radiation, as 
first demonstrated many years ago|30|. 

The structure of general boost-rotation symmetric space-times was analysed 
much later by Bicak & Schmidt (1989) [^l). In the review "Radiative space- 



times: exact approaches" 32 , the main properties and applications of the boost- 



symmetric space-times are summarised. 
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Appendix A Born's Solution (c = 1) 

Born's solution is written in terms of R 2 = x 2 + y 2 and ~z = z + a. We put 



c 



(a 2 +t 2 ~R 2 -z 2 Y + Aa 2 R 2 



1/2 



The Born potentials are 

<f B = q[z(R 2 + z 2 +a 2 - t 2 )^ - t}/(z 2 - t 2 ) 

A B = zA B 
From these follow the fields 



zq[t{R 2 + z 2 +a 2 ~ t^C 1 - z]/{z 2 - t 2 ) 



E 



Aa 2 qC 



-(a 2 + t 2 + R 2 



)z + 2RzIl} , 



B B = 8a 2 qC Rtz x R 



where R and z are unit vectors along (x, y, 0) and (0, 0, 1) respectively. 
To evaluate the dipolar contribution to (2.17) we need 

(dC'/da 2 )- = -C 3 (a 2 +t 2 + R 2 - z 2 ) 

(d<S> B /da% = ~2qzC 3 (t 2 + a 2 - R 2 - z 2 ) 
dA B /da 2 = {ct/z)d<$> B jda 2 . 



(Al) 

(A2) 
(A3) 

(A4) 
(A5) 

(A6) 

(A7) 
(A8) 



Since dipoles are generated by small shifts we have following Bicak & Muschall 
(1980)|1 



$ = $ 



B 



Q \ da ) - 



= $ 



V da 2 U 



(A9) 



with an analogous formula for A. Thus the total external potential $ is given 
by multiplying (A7) by \b 2 and adding it to (A2). A is constructed similarly. 



Appendix B Electromagnetic Transients 

It is of interest to see how the fields arise when the sphere is at rest initially 
and is then uniformly accelerated from t = onwards. To find such solutions, 
we put D = ^at 2 Q(t) and evaluate our formulae as before. We find from (2.10) 
and (2.13) that for r < b, <& takes the values 

'Qb- 1 

< Q b -i {i + A. aczr -z (_ 3 r + 1 + r=*) {t + r^) 2 } 
^Qb- 1 (I - \azcr 2 ) 



— c 

b±L >t > t^L > 
c — — c 

t > tez 

— r J 
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and 




t < 



\cb-b) 



t > 



> t > 

b+r 



while for r > b, <i> takes the values 




t < 



r—b 



1 —9 



(3c 2 t 2 +fc 2 ) ] | 



3r 2 



r — b \2 I r+fc > £ > r — 

c / J c — — c 



and 



-Qr _1 zac _2 (ci - 



i < 



i > 



r—b 



> t > 

r+b 



t > 



r-b 



r+b 



Evidently the internal potentials and fields settle down to their steady state 
after a transient that lasts for a period of 2b/ c. However these transients travel 
outwards with the velocity of light and are seen later at greater distances as we 
would expect. Transients for other starting times can be found by the Lorentz 
transformation which reduces the starting velocity to rest. We may apply similar 
considerations to the case b — 0, a point charge started from rest. The field of a 
static or uniformly moving charge changes to Born's field with a transient that 
lasts for zero time at each point and travels outward with the velocity of light. 



Appendix C Conformastats 

These static space-times, so named by Synge^Tj, have conformally flat spatial 
metrics. The Schwarzschild solution is a conformastat but the best known ex- 
amples are electrovacuum solutions due to Majumdar|33| and Papapetroufjif 
representing extreme Reissner-Nordstrom black holes in arbitrary positions in 
static equilibrium. Less known (not explicitly included in p5| ) are the confor- 
mastatic space-times with charged dust, in which the ratio of the charge to mass 
densities p e /p, is everywhere ±VG. (In Section 3, we took p e /p = +VG.) As 
in Newtonian physics the material is in equilibrium because the mutual gravita- 
tional attractions are balanced by the electrical repulsions. This class of exact 
solutions was studied, for example, by Das||(|, Bonnor and Wikramasuriya|37t , 
and Bonnor We did not, however, find a clear simple derivation of the 
general solutions of this type. Following Syngep7t, consider the particular con- 
formastat form of the metric, 

ds 2 = V- 2 dt 2 - V 2 (dx 2 + dy 2 + dz 2 ) , (CI) 

where V = V(x,y,z). As a source, take a static electric field described by 
potential <j)(x,y,z) and a charged dust with static proper matter and charge 
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densities p(x,y,z) and p e (x,y,z) (not initially assumed to be equal), in the 
coordinates of the metric (CI). 

Therefore, the energy- momentum tensor of the dust is T^ v (dust) = pU^U v , 
and its current density is j M = PeU^, where = SqV. The electromagnetic 
field is described by = — A^, u , with — (0, 0, 0, 0), and the standard 
energy-momentum tensor 

T M „(em) =i-(-F;^ CT + i^F pCT F^) . 

The Ricci tensor components for the metric (CI) read 

Rij = -2V- 2 V n V,j +S l3 V- 1 (-W 2 V + V^VWV) , (C2) 

Rao = V~ 6 (V~ l WW - VV) , (C3) 
Rm = , (C4) 

the scalar curvature is 

R = 2V- 3 V 2 V . (C5) 
Here the standard flat-space notation is used: 

dx 2 dy 2 di 



WW = V H V,i , W = ( — + — + — ) V 



(Our Ricci tensor components are defined so that they have opposite signs to 
those of Syngep7[| in his equations (181) and his U is our V.) Now the non- 
diagonal space components of the Einstein equations, 

-2V- 2 V*V, j =-^(-V 2 M, j ), k = 8ttG, (C6) 

imply 

' (C7) 



<GV 

where we have chosen the sign that corresponds to positive charges and we 
have set to zero an additive constant in the electric potential. [The solution 
with (j) — + ^ v may be obtained by altering the signs of 0, E and p e .] Using 

T y (dust) = for i = j and Ty(em) = ± (-V 2 <£,i (p :j +±S ij V 2 V<p ■ V(/>) 
for i = j and substituting for cj) from (C7), we see that the diagonal spatial 
components of the Einstein equations are automatically satisfied. Now the last 
Einstein equation to be solved, Rgo — ^gooR = n (Tro (dust) + Too (em)) implies 
the non-linear Poisson-type equation 

\7 2 V = -±k P V 3 , (C8) 

while the sole non-trivial Maxwell equation to be satisfied, is 

V~ 2 V . (V 2 V(f>) = -4irp e V , (C9) 
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with <fi given by (C7) and V fulfilling (C8). By comparison we conclude that 
the charge density must necessarily be equal to the mass density or, in non- 
relativistic units, 

p e = +VGp . 

For any function V(x, y, z) which satisfies V~ 3 V 2 V < 0, Eq. (C8) guarantees 
that the mass density is non-negative. Thus, a solution describing space-time 
with an arbitrary mass density p = — 2k~ 1 V~ 3 'V 2 V, which is kept in equilibrium 
by the charged density p e = VGp, is constructed. The additional condition, 
V — > 1 at infinity, makes the space-time asymptotically flat. The physical 
(frame) components of the electric field are given by 

E = -V0=-^V^- 1 . (CIO) 

These conformastats are useful because one can construct bodies of arbitrary 
shape and mass density [^7), or study the model problems as here in Sections 3 
and 4. 
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M 4 Q 

Figure 1: A spherical shell of radius 6, mass m and charge q has a significant 
gravitational potential inside. It lies at coordinate distance Z above a great mass 
M with charge Q. They are of equal charge-to-mass-ratio, VG, and remain in 
equilibrium with the gravitational attractions balancing electrical repulsions. 
The acceleration of an uncharged test mass within the shell is compared to that 
at P also distant Z from M but far from the shell m. 
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Figure 2a: In this space-time diagram the z-axis is upwards and time increases 
to the left. A charged particle moves uniformly downwards till it reaches P 
when it is uniformly accelerated upwards coming to momentary rest at O before 
accelerating up to O' and beyond. Had the particle not been accelerated it 
would have followed SPQQ'Q" . The shaded line ~z = t is the event horizon for 
an observer accelerating with the charge. X is a distance c 2 /a = a below O; a 
is the acceleration. 
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Figure 2b: Shows the lines of electric force in the xz plane that corresponds to 
the line OX through Figure 2a. The particle is momentarily at rest at O but 
accelerating upward. The field lines droop under the effective gravity induced 
by this acceleration but beyond ct from P' there has not been time for the field 
to be modified from what it would have been had the particle continued on its 
unaccelerated path to Q. The field would then have pointed at the particle so 
outside a sphere of radius ct it still points there. There is no magnetic field 
within that sphere but outside it the field has a magnetic component as though 
the particle was at Q and still moving downward at a rate that flattens the 
Coulomb field by a factor 2. The magnetic field is only present in this outer 
region and lies in rings about the particle's original motion. 
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Figure 2c: This corresponds to the slice O'X through Figure 2a. The electric 
field lines are again shown after a Lorentz transformation has reduced the par- 
ticle at O' to rest. Had the particle continued uniformly in a straight line from 
P it would have been at Q' , the far field still points there since the message 
that the particle has been accelerated has not yet come there. In this frame the 
particle was originally moving even faster so its Coulomb field is flattened by a 
factor 4. 
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Figure 2d: This corresponds to the vertical slice PY through Figure 2a at time 
to. The electric field lines are those of a rapidly moving charged particle with 
the Coulomb field flattened by a factor 2 and the magnetic field of a downward 
moving charge. 
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Figure 2e: This corresponds to the vertical slice O'Q" through Figure 2a. The 
drooping electric field lines even start reconverging in the region beyond the 
particle's event horizon which is the zone where radiation is found. In the near 
zone the magnetic field has felt the upward motion of the particle so lies in 
opposing loops to the outer zone where the field still does not appreciate that 
the particle has ceased its downward motion. 
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